Abstract. During the last decade, a lot of progress has been made in the enumerative branch of topological graph theory. Enumeration formulas were developed for a large class of graph covering projections. The purpose of this paper is to count graph covering projections of graphs such that the corresponding covering space is a connected graph. The main tool of the enumeration is Pólya's theorem.
1. Introduction. In this paper, we consider simple undirected graphs. As usual, the vertex set and the edge set of the graph G are denoted by V (G) and E(G), respectively. An r-to-one graph epimorphism p : H → G which sends the neighbors of each vertex x ∈ V (H) bijectively to the neighbors of p(x) ∈ V (G) is called an r-fold covering projection of G. The graph H is the covering graph, and the graph G is the base graph of p. Topologically speaking, p is a local homeomorphism. The fibers of the r-fold covering projection p : H → G are the sets p −1 (v) (v ∈ V (G)). The number r is called the degree of p and will be denoted by deg(p). For an introduction into the field of topological graph theory see, e.g., the famous textbook [2] . Now let Γ ≤ Aut(G) be a group of automorphisms of G. There is a natural kind of isomorphism with respect to Γ (or Γ-isomorphism, for short) between covering projections of G, given by a commutative diagram
with an isomorphism ψ and γ ∈ Γ.
The interested reader can see much progress in the enumerative branch of topological graph theory during the last decade. Some milestones are the enumeration of double covers of graphs [3] , the enumeration of covering projections of labeled graphs (which was established in [4] and [10] independently), and the enumeration of graph coverings with certain regularity properties; examples are [7] , [8] , and [16] . Concrete and regular concrete graph covering projections are counted in [5] and [6] , respectively. Some further interesting papers are [11] and [12] .
All counting formulas which were obtained so far have no restrictions of connectivity for the covering graph. However, the following question arises immediately: Given the number of covering projections of G up to Γ-isomorphism, how many of them have connected covering graphs? The purpose of this paper is to solve this problem. For this, we will make use of Pólya's enumeration theorem [14] (it should be remembered that it was anticipated in [15] ).
It is clear that any covering graph of G is not connected if G is not. Hence, we make the general assumption that the base graph G is connected.
2. Pólya's enumeration theorem. The main tool for enumeration will be Pólya's enumeration theorem. This theorem can be formulated in different and more or less abstract ways. What we need is the so-called power series formulation. Let X = {1, . . . , n} (n ∈ N), and let Y be countable. Let Φ be a group acting on X. Clearly, Φ acts on the set of functions Y X via
where f : X → Y and ϕ ∈ Φ. The orbit of f is denoted by [f ] . Now, let w : Y → N 0 be a weight function, i.e., a function with the property that 
and it is straightforward to see that w is constant on the corresponding orbits [f ]; hence we may define w([f ]) = w(f ). Now let C k be the number of function orbits of weight k. Then the series
is called the function counting series.
Next we define the cycle index of the group Φ acting on X. For ϕ ∈ Φ, let (λ 1 (ϕ), . . . , λ n (ϕ)) be the cycle type of ϕ, i.e., λ i (ϕ) is the number of cycles of the permutation ϕ of length i. The cycle index of the group Φ acting on X is the polynomial
For abbreviation, we set, for a power series q(x),
Pólya's enumeration theorem shows how to obtain the function counting series C(x) from the figure counting series c(x). THEOREM 2.1. The function counting series C(x) is determined by substituting the figure counting series c(x) into the cycle index of Φ:
3. A recursion formula for connected covering projections. Let C be the set of all covering projections of G up to Γ-isomorphism, and let C be the set of all covering projections of G in C such that the covering graph is connected. Then the degree function deg is a weight function on C (as well as on C). Let c r be the number of covering projections p ∈ C of degree r. The figure counting series for the considered problem is the generating function c(x) of the numbers c r .
Moreover, for k ∈ N, set X k = {1, . . . , k}. Every function
may be understood as a covering projection p of G with exactly k components. The degree of p is obtained by summing up the degrees of them. Since Γ-isomorphism describes covering projections up to the ordering of the components, we consider the action of the symmetric group S k on the set X k . Obviously, the degree function is constant on the orbits [f ]. By c
we denote the number of function orbits with degree r, which is exactly the number of r-fold covering projections of G with respect to Γ-isomorphism such that the covering graph consists of exactly k components. The corresponding function counting series is
In order to prove this lemma, just apply Pólya's enumeration theorem to the described situation.
Let C r be the number of projections p ∈ C of degree r, and let
C r x r be the corresponding counting series. Obviously,
A short calculation leads to
For any power series q(x), we set
where Z(S 0 , q(x)) is defined to be 1. Using Lemma 3.1, we obtain the following. In order to finish the enumeration, we will follow the approach used by Cadogan [1] for counting connected graphs up to isomorphism by their order. LEMMA 3.3. For every power series q(x),
k .
An elegant proof of this well-known identity can be found in [13] . Now define the power series a(x) by setting
a r x r = log(1 + C(x)) . (ii) The numbers c r of covering projections of G such that the covering graph is connected can be computed by
where µ is the usual number theoretic Möbius function. Proof. In order to prove (i), consider the first derivative of equation (3.1):
Comparing coefficients of both sides leads to the recursion formula for the numbers a r . From Lemmas 3.2 and 3.3 we obtain
Considering the coefficients leads to
Now the formula of (ii) can be obtained using Möbius inversion.
Connected covering projections of labeled graphs.
As an example, we apply Theorem 3.4 to labeled graphs. A graph G is called labeled if it is considered together with the trivial automorphism group. In this case, the diagram (1.1) reduces to a triangle
As noticed in the introduction, the enumeration of r-fold covering projections of labeled graphs was done in [4] and [10] . It turned out that the numbers C r only depend on the Betti number of G, i.e., the number β(G) = m − n + 1, where m is the number of edges and n is the number of vertices of G.
In order to present the formula given in [4] we need a little bit more terminology. Let R be the ring of rational polynominals in the variables s 1 , . . . , s r . The cap product on R, introduced by Redfield [15] , is first defined for sequences s
otherwise it is 0. Then the cap product is linearly extended to arbitrary polynomials in these variables. Now let (λ) = (λ 1 , . . . , λ r ) be a partition of r, i.e.,
The partition polynominal P (s 1 , . . . , s r ) is the generating function of the partitions of r:
THEOREM 4.1. The number of isomorphism classes of r-fold covering projections of G with respect to the trivial automorphism is
The powers are to be understood with respect to the cap product, which is indicated by the ∩-index.
Using Theorems 3.4 and 4.1, we computed for β(G) ≤ 10 and r ≤ 20 the numbers C r (extending Table 1 of [4] ), ra r , and c r . Tables 4.1, 4.2, and 4.3 contain part of our results.
1 For the computations, the comfortable data structures of SYMMETRICA [9] were used. Note added in proof. After the reviewing process of this paper had been completed, I obtained knowledge of the fact that J.H. Kwak and J. Lee counted connected covering projections of labeled graphs (Enumeration of connected graph coverings, J. Graph Theory, 23 (1996), pp. 105-109). However, they used elementary counting methods which do not apply for base graphs with nontrivial automorphism groups.
